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NON-LOOSE NEGATIVE TORUS KNOTS
IRENA MATKOVICˇ
Abstract. We study Legendrian and transverse realizations of the negative
torus knots T(p,−q) in all contact structures on the 3-sphere. We give a com-
plete classification of the strongly non-loose transverse realizations and the
strongly non-loose Legendrian realizations with the Thurston-Bennequin in-
variant smaller than −pq.
Additionally, we study the Legendrian invariants of these knots in the minus
version of the knot Floer homology, obtaining that U · L(L) vanishes for any
Legendrian negative torus knot L in any overtwisted structure, and that the
strongly non-loose transverse realizations T are characterized by having non-
zero invariant T(T ).
Along the way, we relate our Legendrian realizations to the tight contact
structures on the Legendrian surgeries along them. Specifically, we realize all
tight structures on the lens spaces L(pq+1, p2) as a single Legendrian surgery
on a Legendrian T(p,−q), and we relate transverse realizations in overtwisted
structures to the non-fillable tight structures on the large negative surgeries
along the underlying knots.
1. Introduction
Knots in overtwisted structures. The Legendrian and transverse knots in over-
twisted contact manifolds are of two types depending on whether there is an over-
twisted disk in the knot complement or not, we call them loose and non-loose,
respectively. The level of non-looseness of a knot can be, as suggested by Baker
and Onaran [1], geometrically measured by the minimal number of intersections of
the knot with any overtwisted disk in the manifold, called the depth, or by counting
the number of stabilizations needed to loosen the knot, called the tension. If the
knot complement, additionally, has zero Giroux torsion, we say that such a knot is
strongly non-loose.
Another subtlety of the Legendrian knots in overtwisted structures is that their
classification up to Legendrian isotopy does not necessarily coincide with the classi-
fication up to contactomorphism, and the same holds for the transverse knots. The
majority of the rare classification results in the literature limit themselves on the
understanding of the contactomorphism type, usually called the coarse classifica-
tion, and so we will do in the present paper. In the coarse setting the complete
classification has been obtained for the loose knots, due to Etnyre [6] classified by
the (so-called) classical invariants, and for the unknot by Eliashberg and Fraser
[5]. But, even in these simplest examples the classification does not go over to the
isotopy level as shown by Vogel [25]; in fact, to achieve this we would need some
additional conditions on the position of overtwisted disks as in Dymara [4] and
Cavallo [2].
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Torus knots. What makes the study of torus knots accessible (also in the contact
setting), is the fact that the knot complement is Seifert fibered; see Section 2 for
details. In particular, this makes an array of arguments, well-established in the case
of closed Seifert manifolds, applicable to the study of non-loose representatives
of torus knots. Also, for the study of torus knots we have an advantage of the
classification being settled in the standard contact structure, owing to the work of
Etnyre and Honda [7].
Building on the above, we obtain here a relatively complete classification of non-
loose Legendrian and transverse negative torus knots, giving an explicit description
for a representative of every equivalence class. Precedingly, only very limited cases
have been studied, such as the case of the left-handed trefoil in the paper of Geiges
and Onaran [10].
Theorem 1.1. Up to the boundary parallel Giroux torsion, every Legendrian neg-
ative torus knot T(p,−q) with tight complement and with the Thurston-Bennequin
invariant smaller than TB = −pq can be represented by some stabilization of a knot
L of Figure 2 which satisfies certain explicit conditions on the rotation numbers of
the surgery curves (stated in Corollary 4.3).
The transverse negative torus knots with the zero Giroux torsion complement are
exactly transverse push-offs of those Legendrian torus knots whose every negative
stabilization satisfies the above conditions.
The precise classifications will be carried out in Theorem 4.2 and Corollary 4.3
for the Legendrian knots, and in Corollary 4.7 for the transverse ones. In particular,
a direct computation shows that all these non-loose realizations of T(p,−q) appear
in the overtwisted structures whose 3-dimensional invariant is positive even and at
most (p− 1)(q − 1) (the structure at d3 = (p− 1)(q − 1) being the one supported
by T(p,−q)).
Knot Floer homology. Throughout the paper we will assume some basic knowledge
of the knot Floer homology (as defined in [22]); in particular, we will use the
minus knot Floer homology of the torus knots. Furthermore, we recall that Lisca,
Ozsva´th, Stipsicz and Szabo´ in [14] defined the Legendrian invariant L(L) of the
null-homologous Legendrian knot L ⊂ (Y, ξ), lying in the HFK−(−Y, L) (so, the
knot Floer homology of the mirror image in the case of the ambient manifold being
the 3-sphere). The invariant is known to be invariant under negative stabilizations,
hence giving rise to an invariant of transverse knots, and is multiplied by U by
every positive stabilization. Furthermore, when the ambient contact manifold has
non-vanishing contact invariant (so, for the sphere when we are in the standard
contact structure) the invariant is non-vanishing for every Legendrian knot, and
so, in particular, it has infinite U -order. In the overtwisted ambient, however, the
invariant always has finite U -order, and it might vanish, in particular, it vanishes
for all loose knots (and more, for all not strongly non-loose knots, as observed by
Stipsicz and Ve´rtesi [23]). In [1], Baker and Onaran as another measure of the non-
looseness suggest the order, defined as the sum of the U -torsion orders of Legendrian
invariants for the knot and its orientation reverse. Finally, we recall from the work
of Ozsva´th and Stipsicz [21] that the bigrading of the knot Floer homology group
in which the invariant lies can be computed from the classical invariants of the
Legendrian knot L as
2A(L(L)) = tb(L)− rot(L) + 1 and M(L(L)) = −d3(ξ) + 2A(L(L)).
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One of the motivating questions for the present study has been to find out
whether there are any additional conditions on the Heegaard Floer classes which
admit contact interpretation. Indeed, in the case of the negative torus knots we
prove a strong restriction.
Theorem 1.2. For any Legendrian negative torus knot L in any overtwisted struc-
ture on the 3-sphere, the U -multiple of the Legendrian invariant U · L(L) vanishes.
Theorem 1.2 will be restated with more details later, as Theorem 4.5, where
we specify – up to equivalence and negative stabilizations – the Legendrian knots
with non-zero invariant. For the case of the knots T(2,−2n+1) (see Example 4.9),
our theorem implies the conjectured non-vanishing of the Legendrian invariants for
Legendrian knots presented in [14, Section 6], by Lisca, Ozsva´th, Stipsicz and Szabo´.
More generally, we will observe (in Corollary 4.7) that the non-loose transverse
knots are characterized by the non-vanishing invariants.
Theorem 1.3. A transverse realization T of the knot T(p,−q) in an overtwisted S
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is strongly non-loose, if and only if it has non-zero T(T ) ∈ HFK−(T(p,q)).
Tight contact structures on small Seifert manifolds. Our understanding of the Leg-
endrian torus knots with tight complements is built on the embedding into and
comparison with the tight contact structures on the closed manifolds obtained by
the contact surgery along these knots. Specifically, we will make use of the clas-
sification of tight and fillable contact structures on small Seifert fibered L-spaces
M(−1; r1, r2, r3), given in [17] and [18] by the author.
First, we use these classification results in order to put bounds on and to distin-
guish between tight contact structures on the knot complements. But, eventually
they lead us to some intriguing relations between the tight contact structures on
the knot complement and the tight contact structures on the surgeries along that
knot.
Theorem 1.4. The tight contact structures on the large negative surgeries along
a negative torus knot are in one to one correspondence with the transverse repre-
sentatives of that knot with the zero Giroux torsion. More precisely, the fillable
structures correspond to the transverse realizations in the standard tight contact
structures, and the tight non-fillable structures correspond to the non-loose realiza-
tions in overtwisted structures.
Theorem 1.4 gathers the statement of Proposition 4.8 and the observations made
in the paragraphs above it, based on the classification result of Theorem 4.2.
Additionally, we observe the following result about Legendrian lens space surg-
eries, completing the work of Geiges and Onaran from [9].
Theorem 1.5. For any pair of coprime positive integers p < q, every tight contact
structure on the lens space L(pq + 1, p2) can be obtained by a single Legendrian
surgery along some Legendrian realization of the negative torus knot T(p,−q) in some
contact structure on S3.
Overview. Section 2 elaborates on the Seifert fibered structure of the torus knot
complements, and presents a way to equip them with contact structures. In Section
3, we prove Theorem 1.5 concerning tight structures on lens spaces. In Section 4, we
obtain classifications of non-loose negative torus knots (Theorem 1.1), together with
the non-vanishing and properties of the associated Legendrian invariants (Theorem
3
1.3 and Theorem 1.2) and relations to the contact structures on the surgeries along
these knots (Theorem 1.4).
Acknowledgement. I am grateful for many helpful and motivating conversations
I had with Sasˇo Strle, Alberto Cavallo, and Andra´s Stipsicz. My research has been
supported by the European Research Council (ERC) under the European Union’s
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2. Seifert fibration of the knot complement
Let p and q be positive integers such that p < q and gcd(p, q) = 1, and write
T(p,−q) for the negative (p,−q)-torus knot.
It is well-known that the complement of a torus knot is Seifert fibered. Con-
cretely, the complement of the knot T(p,−q) is Seifert fibered over the disk with
two singular fibers whose Seifert invariants are − p
′
p
and − q
′
(−q) for p
′, q′ such that
pq′ − qp′ = 1. Since −1 < − p
′
p
< 0 and q
′
q
> 0, we can renormalize the invariants
as in Figure 1; denote this manifold as M(D2; p−p
′
p
, q
′
q
).
−1
− p
p−p′ − qq′
T(p,−q)
Figure 1. Torus knot T(p,−q).
If we write q = np− k for n ≥ 2 and k < p, gcd(p, k) = 1, the Seifert invariants
equal M(D2; p−C
p
, Cn−D
np−k
) where C,D are positive integers satisfying Ck = Dp+1.
Furthermore, the negative continued fraction expansions of the two invariants are
related as follows; here, we use the convention
[c0, . . . , cm] = c0 −
1
. . . − 1
cm
.
Lemma 2.1. With positive integers p, n, k, C,D chosen as above, the negative con-
tinued fraction expansions of the two Seifert invariants equal
p
p− C
= [a01, . . . , a
s
1] and
np− k
Cn−D
= [a02, . . . , a
t
2, n]
for some aji ≥ 2 satisfying [a
0
1, . . . , a
s
1]
−1 + [a02, . . . , a
t
2]
−1 = 1.
Proof. If we write out
p
p− C
= [a01, . . . , a
m1
1 ] and
np− k
Cn−D
= [a02, . . . , a
m2
2 ],
the chain of unknots with coefficients (−am11 , . . . ,−a
0
1,−1,−a
0
2, . . . ,−a
m2
2 ) gives a
surgery description of the ambient manifold, which is S3.
On the other hand, since p−C
p
+ Cn−D
np−k
> 1, there are truncated continued
fractions such that [a01, . . . , a
s
1]
−1 + [a02, . . . , a
t
2]
−1 = 1 for s ≤ m1 and t ≤ m2, and
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the truncated chains of unknots join into (−as1, . . . ,−a
0
1,−1,−a
0
2, . . . ,−a
t
2) which
corresponds to S1 × S2 (for more details, see [18, Lemma 3.1]).
Now, the only way to get S3 from S1×S2 by lengthening the chain is by adding
a single unknot at one of the two ends. Since the numerator of the second fraction
is larger, the coefficient is added to the second continued fraction; so, m1 = s and
m2 = t + 1. Finally, that the added coefficient equals n can be seen from the
comparison to the continued fraction expansion of np
2
−kp+1
p2
which starts in n (see
the proof of Theorem 1.5). 
Some contact structures on the above (bounded) Seifert manifolds can be de-
scribed by contact surgery diagrams of Figure 2. These diagrams first appeared
in the work of Lisca and Stipsicz [15], and have since been extensively used in un-
derstanding tight structures on Seifert fibered spaces [16, 11, 17, 18], as well as for
providing examples of non-loose knots [14, 9, 10].
− q
q′
− p
p−p′
+1
+1
L
Figure 2. Legendrian realizations of the torus knot T(p,−q).
Recall that such a diagram gives a family of contact structures, whose elements
can be specified by replacing each rational contact surgery with a Legendrian
surgery along a chain of unknots whose Thurston-Bennequin invariants are deter-
mined by the continued fraction expansion as
tb0i = −a
0
i and tb
j
i = −a
j
i + 1 for j > 0,
and rotation numbers are chosen arbitrarily in
rotji ∈ {tb
j
i +1, tb
j
i +3, . . . ,− tb
j
i −1}.
So, a single Legendrian representation of T(p,−q) from Figure 2 is specified by
the array of rotation numbers for the unknots supporting Legendrian surgery.
Let us recall some terminology from [18].
Definition 2.2. We say that a Legendrian knot is fully positive if all its stabi-
lizations are positive, that is rot = −(tb+1), and analogously for a fully negative
Legendrian knot.
Additionally, a contact surgery along four (−1)-linked unstabilized Legendrian
unknots (as in Figure 2) with (+1)-surgery performed along two of them and the
negative inverses of the rational surgery coefficients of the other two adding to one,
is called a balanced link when turned into a Legendrian surgery along the chains
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of Legendrian unknots, all the unknots of one chain are fully positive and all the
unknots of the other chain are fully negative.
Proposition 2.3. For any choice of rotation numbers, Figure 2 presents Legen-
drian torus knot T(p,−q) with tight complement in some contact structure on S
3.
Moreover, the ambient contact structure on S3 is tight if and only if the contact
surgery presentation contains a balanced link.
Proof. For tightness of the knot complement we use the standard cancellation ar-
gument: since the (−1)-surgery along L results in a tight contact manifold, the
complement of L cannot be overtwisted.
Knowing that the only tight structure on S3 is also Stein fillable, the question
whether the contact structure on the ambient S3, given by the surgery diagram of
Figure 2, is tight or overtwisted, is in greater generality answered in [18, Theorem
1.1]. It is equivalent to the surgery presentation containing a balanced sublink,
which in our case is fulfilled by either
rotj1 = tb
j
1+1 for all j ∈ {0, . . . , s} and rot
j
2 = − tb
j
2−1 for j ∈ {0, . . . , t},
or
rotj1 = − tb
j
1−1 for all j ∈ {0, . . . , s} and rot
j
2 = tb
j
2+1 for j ∈ {0, . . . , t}.

3. Legendrian knots with tb = −pq and tight structures on L(pq+1, p2)
Lemma 3.1. In any contact surgery presentation of Figure 2, the Legendrian re-
alization L of the torus knot T(p,−q) has the Thurston-Bennequin invariant equal
tb(L) = −pq.
Proof. We use the formula from [14, Lemma 6.6]:
tb(L) = tb0+
det(Q(0, 0, 0, x, y))
det(Q(0, 0, x, y))
where tb0 is the Thurston-Bennequin invariant of the knot before surgery, and Q
with x = −1− q
q′
, y = −1− p
p−p′
is the intersection matrix of the (smooth) surgery
diagram of Figure 2. Then:
tb(L) = −1 +
−4 + 3x+ 3y − 2xy
−3 + 2x+ 2y − xy
=
−pq
pq′ − p′q
= −pq.

We know (since Moser [20]) that all torus knots are lens space knots; explicitly,
the −(pq±1)-surgery along the negative torus knot T(p,−q) results in the lens space
L(pq ± 1, p2).
In [9], Geiges and Onaran studied Legendrian lens space surgeries, culminating in
a presentation of every tight contact structure on L(np2−p+1, p2) as a Legendrian
surgery on some Legendrian realization of T(p,−(np−1)). We generalize their result
to every negative torus knot, completely confirming the conjecture stated in [9,
Remark 1.2 (3)].
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Theorem 1.5. For any pair of coprime positive integers p < q, every tight contact
structure on the lens space L(pq + 1, p2) can be obtained by a single Legendrian
surgery along some Legendrian realization of the negative torus knot T(p,−q) in some
contact structure on S3.
Proof. Since in Lemma 3.1 we have computed the Thurston-Bennequin invariant
of any Legendrian realization L of T(p,−q) from Figure 2 to be −pq, we know that
Legendrian surgery along any such L results in some contact L(pq+1, p2). In fact,
as noticed already in the proof of Proposition 2.3, the resulting contact structure
is tight. We need to show that by varying Legendrian realization L – that is,
by choosing different rotation numbers for the surgery curves – we reach all tight
contact structures on L(pq + 1, p2).
As specified by Honda [12], the tight structures on a lens space L(u, v) cor-
respond to the choices of rotation numbers on the chain of Legendrian unknots
whose Thurston-Bennequin invariants are determined by the negative continued
fraction expansion of u
v
. In fact, the tight structures are distinguished already by
their induced Spinc-structures.
Geiges and Onaran (see [9, Theorem 1.1]) proved the theorem in the case q =
np − 1 by finding as many different rotation numbers for Legendrian T(p,−q) with
tb = −pq as there are tight contact structures on L(pq + 1, p2). In contrast, we
obtain a direct comparison of the two surgery presentations: the standard one as
a Legendrian surgery along the chain of unknots, and the one given by a single
Legendrian surgery along a Legendrian T(p,−q) in some contact S
3. For the second,
we consider Legendrian knots L of Figure 2.
Together with the Legendrian surgery along L, the surgery diagram of Figure
2 smoothly describes L(pq + 1, p2) and it looks like the first diagram of Figure 3.
In Figure 3, we use q = np − k as in Lemma 2.1 and we keep track of the Spinc-
structure, induced by the chosen contact structure, by writing its evaluations on
the homology generators (in the parenthesis above the corresponding knots).
We get from the first to the second diagram by blowing up the (−1)-linking point
followed by a blow-down of the (+1)-framed meridian of the thus-added curve.
Then, from the second to the third diagram we get by sliding the (−a01)-framed
unknot over the reversely oriented (−a02)-framed unknot, thus unlinking the (−a
0
1)-
framed unknot from the 0-framed unknot, and a consecutive cancellation of the
(−a02)-framed unknot with its 0-framed meridian.
Now, since [a01, . . . , a
s
1]
−1 + [a02, . . . , a
t
2]
−1 = 1, we know that one of the two
coefficients a01 or a
0
2 equal 2. Hence, we can reach all possible rotation numbers
on the (−a01 − a
0
2)-framed unknot in the chain by differences of the initial rotation
numbers. Indeed, without loss of generality let us write a01 = 2 and a
0
2 = m, then the
possible rotation numbers for the (−2−m)-framed unknot are −m,−m+2, . . . ,m−
2,m, and we can get them by choosing, for example, the pairs of rotation numbers
(−1,m− 1), (−1,m− 3), . . . , (−1,−m+ 1), (1,m+ 1) for the (−3)- and (−m− 1)-
framed unknots in the initial diagram. The choice of all the other rotation numbers
can be taken equal in both diagrams. So, we have realized all possible choices of
the rotation numbers on the chain by possible choices of rotation numbers in our
surgery diagrams, and by that, all possible tight contact structures on L(pq+1, p2)
by a Legendrian surgery along L in some contact structure on S3. 
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−a01 − 1
(rot01)
−a02 − 1
(rot02)
0
(0)
−1
−a12
· · ·
−at2 −n
(rot12) (rot
t
2)
(rott+12 )
· · ·
−as1 −a21
−a11
(rots1) (rot
2
1)(rot11)
−a01 −a
0
2
(rot01+1) (rot
0
2+1)
(0)
0
−a12
· · ·
−at2 −n
· · ·
−as1 −a21
−a11
−a01 − a
0
2
(rot01− rot
0
2)
−a12
· · ·
−at2 −n
· · ·
−as1 −a21
−a11
Figure 3. Kirby diagrams for L(np2 − kp+ 1, p2) with the Spinc-structure.
4. Legendrian knots with tb < −pq and invariants in knot Floer
homology
Stabilizing a Legendrian knot does not change its knot type, hence any ℓ-times
stabilization of a knot L from Figure 2 gives us a Legendrian T(p,−q) with tb =
−pq − ℓ. Let us denote any ℓ-times stabilization of any knot L by Lℓ. As before
a single Legendrian realization is specified by an array of rotation numbers for all
the surgery curves in Figure 2, and here additionally, by the rotation number of Lℓ.
Be aware, however, that for ℓ ≥ 1 not all Lℓ have tight complements.
Let us recall an equivalence relation on the set of Legendrian or transverse knots.
Definition 4.1. Two Legendrian or transverse knotsK1 andK2 in a closed contact
3-manifold (M, ξ) are said to be (coarse) equivalent if there exists a contactomor-
phism of (M, ξ) which maps K1 to K2.
When the self-contactomorphism group of (M, ξ) is not contractible, the coarse
equivalence is known (see for example [25]) to be weaker than Legendrian isotopy.
However, based on Kegel’s [13, Lemma 10.3], we know that in the case of nontrivial
knots in the 3-sphere, when we have no cosmetic surgeries, the equivalence type of
a Legendrian knot is completely determined by the contactomorphisms of the knot
complement, even when we look at all contact structures on S3 simultaneously.
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Theorem 4.2 (Coarse classification of Legendrian T(p,−q) with tb < −pq). Let
K be a Legendrian realization of the knot T(p,−q) with tb(K) = −pq − ℓ in some
contact structure on S3 . The complement of K has Giroux torsion equal to zero, if
and only if K is equivalent to some Lℓ along which the Legendrian surgery results
in a tight contact manifold.
Moreover, two Legendrian knots K1 and K2 are equivalent, if and only if the
two contact manifolds obtained by Legendrian surgery along the knot Ki and its
Legendrian push-off for i = 1 and 2 are contact isotopic.
Proof. We will first show that there is a one-to-one correspondence between the
equivalence classes of Legendrian knots T(p,−q) with tb = −pq−ℓ whose complement
has zero Giroux torsion, and the tight contact structures on M(−1; p−p
′
p
, q
′
q
, 22ℓ+1 )
up to contact isotopy. This will prove that the knot complement has zero Giroux
torsion, if and only if it is equivalent to some Lℓ and the Legendrian surgery along
it and its Legendrian push-off results in a tight manifold, and that two knots are
equivalent, if and only if the results of surgery are isotopic. Then, we will observe
that the contact manifold obtained by the Legendrian surgery along a Legendrian
knot Lℓ is tight, if and only if the contact manifold obtained by the Legendrian
surgery along the knot and its Legendrian push-off is tight, thus completing the
proof of the theorem.
If we write out the Seifert fibration of the T(p,−q) complement asM(D
2; p−p
′
p
, q
′
q
),
and choose a trivialization of its boundary torus by the meridian −∂D2 × {1}
and the longitude a parallel Seifert fibre {∗} × S1 for ∗ ∈ ∂D2, then the slope
of dividing curves on the boundary torus (once perturbed to be minimal convex)
equals s = 1tb−pq + 1 (for details see [10, Section 4]). Utilizing the idea of Ding,
Li and Zhang [3], we want to embed this knot complement in some small Seifert
fibered manifold M(−1; p−p
′
p
, q
′
q
, r3) such that the boundary slope s coincides with
the slope −1 when measured in the standard basis for the neighborhood of the
knot; by the formula in [3, page 65], the third Seifert constant then equals r3 =
2
2ℓ+1 = [ℓ + 1, 2]
−1. Since there is a unique tight structure with boundary slope
−1 on the solid torus, this immediately tells that on the T(p,−q) complement with
boundary slope s there are at least as many structures with zero Giroux torsion
as on M = M(−1; p−p
′
p
, q
′
q
, 22ℓ+1 ). What is more, for both structures the maximal
twisting number of the regular fiber (of the Seifert fibration) is equal to zero, hence,
according to Lisca and Stipsicz [15, Proposition 6.1] they can all be presented by
surgery diagrams of Figure 2. Examining the upper bound for the number of tight
structures on M in [17, Section 5], we observe that all the overtwistedness as well
as all the isotopies between different surgery presentations have been achieved in
the complement of the singular fibers; hence, actually giving the upper bound for
the number of structures with zero Giroux torsion on the knot complement. Here,
the condition of the zero Giroux torsion comes from the fact that the boundary
parallel Giroux torsion gives rise to an overtwisted disk once we do Legendrian
surgery along the core knot, and hence in [17] only appropriate structures on the
circle bundle over the pair of pants were taken into consideration. This proves
our first assertion about the correspondence with the tight contact structures on
M(−1; p−p
′
p
, q
′
q
, 22ℓ+1 ), the relation is acomplished by Legendrian surgery along the
knot and its push-off.
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In order to prove the second assertion about the two surgeries being tight for
the same Legendrian knots, we need to look closer at the isotopy and overtwist-
edness conditions in [17, Section 5]. The manifold obtained by the Legendrian
surgery along a Legendrian knot Lℓ is M(−1; p−p
′
p
, q
′
q
, 1
ℓ+1 ), and the manifold ob-
tained by the Legendrian surgery along the knot and its Legendrian push-off is
M(−1; p−p
′
p
, q
′
q
, 22ℓ+1 ). First, we notice that isotopies of type (I3) of [17, Proposi-
tion 5.2] and overtwisted structures of type (O2) of [17, Proposition 5.1] do not
occur for either of considered manifolds, because the continued fraction expansions
of the Seifert constants cannot fulfill the required equality. Hence, different surgery
presentations of M(−1; p−p
′
p
, q
′
q
, 1
ℓ+1 ) are isotopic if they are related by either (I2)
or a sequence of (I1) changes of rotation numbers as in [17, Proposition 5.2], while in
the case ofM(−1; p−p
′
p
, q
′
q
, 22ℓ+1 ) the relation (I2) does not give an isotopy. Anyway,
the overtwisted structures in both cases are described by (O1) of [17, Proposition
5.1] or the structures which are related to a structure satisfying (O1) by a sequence
of (I1) changes. 
In fact, we can write out explicitly when a Legendrian knot Lℓ is non-loose and
whether two Lℓ are coarse equivalent. Recall that a Legendrian knot Lℓ is specified
by its rotation number and the rotation numbers for the surgery curves of Figure 2;
we will write the rotation numbers of the unknots forming the two singular fibers
in two lines as:[
rot01, . . . , rot
d1
1
rot02 . . . , rot
d2
2
]
where di is the length of each continued fraction expansion.
Note though that we do not fix which line corresponds to which Seifert constant.
Corollary 4.3. Let K be some Legendrian knot Lℓ.
If no leading unknot of the singular fibers nor the knot itself is fully positive or
fully negative, then K is loose.
If the knot K is fully positive or fully negative, but neither leading unknot of
the singular fibers is fully positive or negative, respectively, then K is (strongly)
non-loose, and no other Lℓ represents an equivalent knot.
Otherwise, we have one fully positive and one fully negative leading unknot for
the singular fibers, and the unknot (representing K) is stabilized p-times positively
and n-times negatively. If the rotation numbers on the two singular fibers takes the
values[
a01 − 2, . . . , a
j
1 − 2, −a
j+1
1 + 2 + 2p
j+1
1 , −a
j+2
1 + 2 + 2p
j+2
1 , rot
j+3
1 , . . .
−a02, . . . ,−a
k
2 + 2, a
k+1
2 − 2− 2n
k+1
2 , a
k+2
2 − 2− 2n
k+2
2 , rot
k+3
2 , . . .
]
,
and we denote by D the denominator of [a01, . . . , a
j
1, p
j+1
1 ]
−1 and by E the denomi-
nator of [a02, . . . , a
k
2 , n
k+1
2 ]
−1, then:
• We have another presentation of the equivalent knot if either
D < p and [a01, . . . , a
j
1, p
j+1
1 ]
−1 + [a02, . . . , a
k−1
2 ]
−1 = 1,
or
E < n and [a02, . . . , a
k
2 , n
k+1
2 ]
−1 + [a01, . . . , a
j−1
1 ]
−1 = 1.
In the first case it is given by[
−a01, . . . ,−a
j
1 + 2, −a
j+1
1 + 2, −a
j+2
1 + 2p
j+2
1 , rot
j+3
1 , . . .
a02 − 2, . . . , a
k
2 − 2, a
k+1
2 − 4− 2n
k+1
2 , a
k+2
2 − 2− 2n
k+2
2 , rot
k+3
2 , . . .
]
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and the rotation number of the knot decreased by 2D,
in the second case by[
−a01, . . . ,−a
j
1 + 2, −a
j+1
1 + 4 + 2p
j+1
1 , −a
j+2
1 + 2 + 2p
j+2
1 , rot
j+3
1 , . . .
a02 − 2, . . . , a
k
2 − 2, a
k+1
2 − 2, a
k+2
2 − 2n
k+2
2 , rot
k+3
2 , . . .
]
and the rotation number of the knot increased by 2E.
• The knot K is loose, if and only if one of its equivalent presentations satisfies
[a01, . . . , a
m
1 , b
m+1]−1 + [a02, . . . , a
k−1
2 ]
−1 < 1 or
[a02, . . . , a
m
2 , b
m+1]−1 + [a01, . . . , a
j−1
1 ]
−1 < 1
for the largest bm+1, smaller than pj+11 (or n
k+1
2 , respectively), for which the
denominator of [a01, . . . , a
m
1 , b
m+1]−1 (or [a02, . . . , a
m
2 , b
m+1]−1) is smaller than
n (or p, respectively). Here, the order is defined as ci ≺ cj if i < j, or i = j
and ci < cj.
Proof. We rewrite relations from [17, Section 5] in accordance with the correspon-
dence given in Theorem 4.2. 
Remark 4.4. In Proposition 2.3 we tell when the ambient contact structure of a
Legendrian knots L, and hence of Lℓ, is tight; that is, if and only if the surgery
diagram (of Figure 2) contains a balanced sublink. From the classification in The-
orem 4.2 it follows that we can present in this form all Legendrian negative torus
knots lying in (S3, ξstd), as classified by Etnyre and Honda [7] (recall from [7] that
tb ≤ −pq).
In the following, we will examine the question which elements of the minus
version of the knot Floer homology can be realized as the Legendrian invariants (in
the sense of Lisca, Ozsva´th, Stipsicz and Szabo´ [14]) of a Legendrian realization
in some contact structure on S3 of the underlying knot. Notice that although the
Legendrian invariant was introduced as a Legendrian isotopy invariant, its vanishing
depends only on the contactomorphism type of the knot complement as can be
understood from its sutured reinterpretation (established by Etnyre, Vela-Vick and
Zarev in [8]).
Theorem 4.5. A Legendrian realization K of the knot T(p,−q) in an overtwisted
S3 has non-zero Legendrian invariant in HFK−(T(p,q)), if and only if K is up to
negative stabilizations equivalent to a Legendrian knot L of Figure 2 for which both
rot01 6= −a
0
1 + 1 and rot
0
2 6= −a
0
2 + 1 hold.
In addition, the U -torsion order of the Legendrian invariant L(K) equals 1, that
is, U · L(K) = 0.
Proof. First, if a knot K has a non-zero invariant L(K), so do all its negative
stabilizations. Since by stabilizing, the Thurston-Bennequin invariant eventually
gets smaller than −pq, some negative stabilization of K is equivalent to Lℓ.
Now, to obtain a necessary condition for the surgery diagram of Figure 2 to
present a Legendrian T(p,−q) with non-zero Legendrian invariant, we look at which
L remain non-loose after arbitrary many negative stabilizations. Since we know
that the knots in the standard structure always have non-zero invariant, we can
restrict our attention to the ones in overtwisted S3, by which we know that the
surgery presentation does not contain a balanced sublink. Using the comparison
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with the contact structures on the Legendrian surgery along the knot (established
in the proof of Theorem 4.2), we see that the only non-loose Lℓ for ℓ large arise
as fully negative (or positive) stabilizations of L for which neither leading unknot
of the two singular fibers is fully negative (or positive, respectively). Indeed, all
other Lℓ give according to [17, Proposition 5.1] rise to overtwisted structures on
the Legendrian surgery along the knot, and are hence by the correspondence from
proof of Theorem 4.2 loose. The knots with the non-vanishing invariant are the
ones for which the very negative stabilizations are non-loose.
The opposite direction is a direct application of [19, Theorem 1.1]. Indeed, as
observed above the −n-contact surgeries of all stabilizations negative along the
knots L, which satisfy the assumed condition, are tight for all n ∈ N. Since the
underlying smooth manifolds are small Seifert fibered L-spaces with Euler number
−1, they also have non-zero contact invariant (by [17, Corollary 1.4]). Hence, the
theorem apply and L(L) 6= 0, and then L(K) 6= 0 for any Legendrian K which is
equivalent to L up to negative stabilizations.
Finally, if a knot K has non-zero invariant of U -torsion order o, then any of its
destabilizations has non-zero invariant of order at least o. Hence, it suffices to prove
that U ·L(L) = 0 for all L (of Figure 2). We have just seen that if L(L) 6= 0, neither
leading term of the two singular fibers is fully negative. Hence by the preface of [17,
Section 5] and the correspondence with the tight structures on the closed manifold
(given in the proof of Theorem 4.2), the single positive stabilization of such a knot
is loose. 
Remark 4.6. In fact, we prove more. If a Legendrian realization K of the knot
T(p,−q) in an overtwisted structure on S
3 has non-zero L(K), then a (single) positive
stabilization of K is loose. In terminology of Baker and Onaran [1], we see that
both the tension and the order of K equal one.
However, from the classification in Theorem 4.2 we see, that there exist non-loose
realizations of T(p,−q) whose single positive and negative stabilization are non-loose
as well. But these knots necessarily have vanishing Legendrian invariant and they
become loose after sufficiently many stabilizations regardless the sign. In other
words, there exist non-loose negative torus knots whose tension is more than one,
but their order is zero.
Corollary 4.7 (Coarse classification of transverse T(p,−q)). Any transverse realiza-
tion T of the knot T(p,−q) with Giroux torsion equal to zero arises as a transverse
approximation of an L from Figure 2 for which rot01 6= −a
0
1+1 and rot
0
2 6= −a
0
2+1.
In particular, a transverse realization T of the knot T(p,−q) in an overtwisted S
3
is strongly non-loose, if and only if it has non-zero T(T ).
Proof. Recall that transverse knots can be thought of as Legendrian knots up to
negative stabilizations. Hence, for a transverse knot to have tight complement, all
negative stabilizations of its Legendrian push-off have to have tight complement as
well. According to (the proof of) Theorem 4.5, Legendrian T(p,−q) satisfying this
property are exactly the Legendrian knots L for which the given condition on the
rotation numbers of surgery curves holds, which in turn are exactly the Legendrian
knots L with non-zero L(L). 
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Notice that the number of tight structures on
S3
−m(T(p,−q)) = M(−1;
p− p′
p
,
q′
q
,
1
m+ 1
)
stabilizes oncem gets big enough. Precisely, form > q the manifold S3
−m−1(T(p,−q))
admits one more tight contact structure than the manifold S3
−m(T(p,−q)). Indeed,
recall first that the fillable structures always contain a balanced sublink [18]. Thus,
new relations among seemingly different contact presentations (of fillable structures)
are induced by isotopies (I1) of [17, Proposition 5.2], and they are newly appearing
only as long as the denominators of the first two Seifert constants are bigger than
m. Once m > q, all equivalences are already established and the one more structure
is always coming from the choice of one more stabilization on the knot supporting
the third singular fiber. On the other hand, when m > q, the only non-fillable tight
structures are the ones with fully negative or fully positive unknot representing the
third singular fiber and neither leading unknot of the other two singular fibers fully
negative or positive, respectively. In fact, by isotopies (I2) of [17, Proposition 5.2],
these presentations are identified in pairs: the one with the fully positive unknot
on the third fiber and the one with this unknot fully negative which has rotation
numbers of the other leading unknots increased by two and the rotation numbers
of all the other surgery curves the same. All other presentations are overtwisted
according to [17, Proposition 5.1].
Thinking about Legendrian representations of T(p,−q) instead, we have already
observed in Remark 4.4 that Lℓ given by the contact surgery presentations con-
taining a balanced sublink correspond to Legendrian realizations in the standard
contact S3. In fact, we can see directly from the mountain range that for the low
enough Thurston-Bennequin invariants, the number of Legendrian realizations of
T(p,−q) in the standard contact structure on S
3 increases by one as the Thurston-
Bennequin number decreases by one. This is indeed the case for tb ≤ TB− rotmax
where TB = −pq is the maximal Thurston-Bennequin invariant and rotmax is the
maximal rotation number at TB, and since rotmax < q, it is the case for L
ℓ with
ℓ ≥ q. This brings us to the following relation between the non-loose realizations of
the knot T(p,−q) in overtwisted structures on S
3 and the non-fillable tight contact
structures on the large negative surgeries.
Proposition 4.8. The number of the strongly non-loose transverse realizations of
the knot T(p,−q) in overtwisted structures on S
3 equals the number of non-fillable
tight contact structures on the (−m)-surgery along T(p,−q) for m large. This is fur-
ther equal to the number of 1-torsion elements in HFK−(T(p,q)), which are realized
as the Legendrian invariants of a non-loose representative of T(p,−q) in S
3.
Proof. According to Corollary 4.7, the strongly non-loose transverse realizations
of the knot T(p,−q) are transverse approximations of the Legendrian knots L given
by the contact surgery presentations for which neither leading unknot of the two
singular fibers is fully negative. On the other hand, we have observed above that the
non-fillable tight structures on S3
−m(T(p,−q)) for large m are described by surgery
presentations with the m-times negatively stabilized unknot representing T(p,−q)
and neither leading unknot of the other two singular fibers fully negative, or the
same but negative interchanged for positive. All the later are isotopic to some of
the former, and the former ones, with the fully negatively stabilized T(p,−q), directly
correspond to the transverse realizations.
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The equality between the number of the strongly non-loose transverse realiza-
tions and the number of non-zero Legendrian invariants follows from Corollary
4.7. 
Example 4.9. We give two families of negative torus knots T(p,−q) for which all
1-torsion elements of HFK−(T(p,q)) are realized as Legendrian invariants, and one
concrete example to illustrate that this is not the case generally.
• T(2,−2n+1): The two singular fibers have coefficients
1
2 = [2]
−1 and n2n−1 =
[2, n]−1. There are n − 1 strongly non-loose representatives, distinguished by
the rotation number on the (−n)-framed surgery. Meanwhile, the knot Floer
homology takes the form HFK−(T(2,2n−1)) ∼= F[U ]⊕F
n−1. Also, the set of pairs
of Alexander and Maslov gradings agrees with the set of triples (tb, rot, d3)
for the listed knots. This has already been observed in [14, Remark 6.11]: in
particular, our Theorem 4.5 confirms the conjecture of Lisca, Ozsva´th, Stipsicz
and Szabo´ that the Legendrian invariants of the knots Lk,l (in the notation of
[14]) are non-zero, and hence present generators for all U -torsion elements of
HFK−(T(2,2n−1)).
• T(n,−n−1): The two singular fibers have coefficients
1
n
= [n]−1 and n
n+1 =
[2×n]−1. The number of the relevant non-loose representatives (with non-fully
negative leading terms) is n − 1 (the rotation number on the (−3)-framed
unknot is 1, and on the (−n − 1)-framed unknot it is any of {n − 1, n −
3, . . . ,−n+ 3}), while the knot Floer homology takes the form
HFK−(T(n,n+1)) ∼= F[U ]⊕
n−1⊕
i=1
F[U ]/(U i).
It is possible to check that the bigradings computed from (tb, rot, d3) agree
with the bigradings of the bottoms of the torsion towers.
• T(5,−8): The two singular fibers have coefficients
5
8 = [2, 3, 2]
−1 and 25 = [3, 2]
−1.
The number of the relevant non-loose representatives (with non-fully negative
leading terms) is 4 (the rotation number on the (−3)-framed leading unknot
is 1, and on the (−4)-framed unknot it is 2 or 0, other rotation numbers are
arbitrary). The knot Floer homology takes the form
HFK−(T(5,8)) ∼= F[U ]⊕ F[U ]/(U
4)⊕
(
F[U ]/(U2)
)2
⊕ (F[U ]/(U))
6
,
the Legendrian invariants lie at (A,M) = (−12,−26) at the bottom of the
4-torsion, (−2,−12) at the bottom of one of the 2-torsion, and in two 1-torsion
towers with bigradings (4,−6) and (14, 0).
However, we notice that the single generator in the top Alexander grading is
always realized by the binding for the open book supporting the overtwisted struc-
ture with d3 = 2A −M (as proved by Vela-Vick in [24]); in our presentation of
Figure 2 the corresponding knots are given by all the surgery curves fully positive,
that is, when rotji = − tb
j
i −1 for all the surgery curves.
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